Introduction
The abelian localization theorem of Borel, Atiyah-Segal, and Quillen was introduced in [1, 2, 13] . Furthermore, Hsiang [7] stated the general form of the localization theorem as follows: 
Then the localized restriction homomorphism
is an isomorphism.
Remark 1.2 The localization theorem above was extended by Deo et al. [4] for compact Lie group actions on finitistic spaces with finitely many orbit types.
The localization theorem is a powerful tool for cohomology theory of compact, especially compact abelian, transformation groups. One of the most profound results of the localization theorem is to determine the cohomology structure of a fixed point set by the equivariant cohomology of the space for the torus or p -torus actions.
The following well-known Borel's fixed point theorem is one of the important consequences of the localization theorem. [2] .
Theorem 1.3 Let G be a finite-dimensional torus and X be a compact G -space. Then the fixed point set
In this paper, the localization theorem has been proved for finite-dimensional compact group actions on compact spaces and as a corollary we extend Borel's fixed point theorem to finite-dimensional compact connected abelian transformation groups.
Preliminaries
The Borel construction is a powerful tool for cohomology theory of topological transformation groups. It is defined as follows:
For any topological group G , we have a universal principal G -bundle E G → B G (see Milnor [9, 10] ).
B G is unique up to homotopy equivalence and is called the classifying space of G .
Let X be a G -space. There is the diagonal action on E G × X and the Borel construction is defined to be the orbit space (E G × X)/G and denoted by X G . This leads to the following commutative diagram: 
for sufficiently large N without loss of generality.
, and so X N G is also compact. By Vietoris-Begle mapping theorem for sheaf cohomology [13] , the inclusion X
The Mayer-Vietoris exact sequence for equivariant cohomology follows from its ordinary nonequivariant version. If A and B are closed invariant subspaces of the G -space X , there is a long exact sequence
This paper deals with finite-dimensional compact groups. Therefore, we need to recall the dimension of a compact Hausdorff topological space. Definition 2.2 Let X be a compact Hausdorff space. We say that X has dimension n ≥ 0 if the following two conditions are satisfied:
1) For every finite covering of X by open sets there exists a finite covering Σ by closed sets that refines
the given covering and, for each x ∈ X , the number of the sets of Σ that contain x is at most n + 1 .
2)There exists a finite covering of X by open sets such that if Σ is a finite closed refinement of this covering then the number of the sets of Σ that contain x exceeds n . If the dimension of X is n then we denote
If G is a compact group (we always include the Hausdorff separation axiom) then the dimension of G is the dimension of the space G . Of course, we say that G is finite-dimensional compact group if dim G = n for some n ≥ 0 .
Remark 2.3 1. There are various dimension functions. Topological dimension, small inductive dimension, local large inductive dimension, cohomological dimension, and sheaf theoretical dimension are frequently used.
For an arbitrary compact group G , all these dimensions agree, and when finite dim G = rank G where G is a character group of G .
An important fact about finite-dimensional compact groups is that they have a totally disconnected
closed normal subgroup such that the factor group is a compact Lie group with the same dimension (see for details [12, Theorem 69] ).
We need a few facts about finite-dimensional compact groups. 
Proof Let E G → B G and E G/N → B G/N be universal bundles for G and G/N and take E
to be the universal bundle for N . We may assume given a map Ej : E G → E G/N such that (Ej) (yg) = (Ej) (y) j (g) . Since j (n) = e for n ∈ N , Ej factors through B N and we obtain a bundle map
In particular, this square is a pullback. We can replace the map Bj by a fibration. The fiber of this fibration is the homotopy fiber F (Bj) of Bj , where the homotopy fiber of Bj is defined by the pullback diagram
We shall show that F (Bj) is homotopy equivalence to B N . Notice that P B G/N is homotopy equivalence
We see by the universal property of pullbacks that there is a map θ : B N → F (Bj) such that the following diagram commutes.
By Zeeman's comparison theorem [14] , since ζ is homotopy equivalance, θ induces an isomorphism on homotopy groups and is thus a homotopy equivalence. The result follows. 2
The proofs of Propositions 3.1. and 3.2. are trivial from continuity of cohomology and can be found in [8] .
From now on, unless otherwise stated, G is a finite-dimensional compact group and N is a totally disconnected closed normal subgroup of G such that the factor group G/N is a compact Lie group with the same dimension as G . Let X be a compact G -space and S ⊆ H * (B G , Q) be a multiplicative system (i.e.
multiplicative semigroup with {1} ⊆ S ).
Moreover, we set, in the sense of Hsiang's book [7] ,
Note that if X is a paracompact space and one is using Alexander-Spanier cohomology, then X S is a closed invariant subspace of X .
Lemma 3.3 The homomorphism Bπ
Proof We recall by Theorem 2. 
Since the spectral sequence converges to
On the other hand, since Bπ
for each n and then the result follows. 2
Now consider the multiplicative system R = (Bπ
, which is a copy of S and induced finite-dimensional compact Lie group G/N action on the orbit space X/N .
Lemma 3.4 The orbit map
Proof Let x ∈ X S and assume that x * = N (x) / ∈ (X/N ) R . In this case, Bj * (r) = 0 for some r ∈ R , where
Put s = (Bπ * )(r) ∈ S . From the following commutative diagram,
Remark 3.5
The isotropy subgroups of the induced action of G/N on X/N are explicitly discussed in [5, Prop.10.31] . We have
Thus, as in Lemma 3.3 ., the right vertical map of the above diagram is induced by the canonical map 
Proof Consider the previous diagram.
If X S = ∅, then there exists an s ∈ S such that s maps to zero in
is an isomorphism from Remark 3.5., then
It is easy to see that Lemma 3.4. implies X S /N ⊆ (X/N ) R . We take now
Hence, x ∈ X S , which implies N (x) ∈ X S /N . 2
First we prove the localization theorem for finite-dimensional compact connected group action on a compact space.
Theorem 3.7
Let G be a finite-dimensional compact connected group and X be a compact G -space. Then the localized restriction homomorphism
Proof Since G is connected, its action (and hence that of N ) on H * (X, Q) is trivial (see [3, II.10.6 cf.
II.11.11])
. Therefore, Proposition 3.1. implies that the orbit map X → X/N induces the isomorphism H * (X, Q) ≃ H * (X/N, Q) .
We now prove the theorem by reducing the G action on X to the G/N action on the compact space X/N . By the localization theorem for compact Lie transformation groups,
On the other hand, from Zeeman's comparison theorem [14] , we have that
